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Abstract
The tiny graviton Matrix theory [1] is proposed to describe DLCQ of type IIB
string theory on the maximally supersymmetric plane-wave or AdS5 × S5 back-
ground. In this paper we provide further evidence in support of the tiny graviton
conjecture by focusing on the zero energy, half BPS configurations of this matrix
theory and classify all of them. These vacua are generically of the form of vari-
ous three sphere giant gravitons. We clarify the connection between our solutions
and the half BPS configuration in N = 4 SYM theory and their gravity duals.
Moreover, using our half BPS solutions, we show how the tiny graviton Matrix
theory and the mass deformed D = 3, N = 8 superconformal field theories are
related to each other.
1 Introduction
Soon after the introduction of (flat) D-branes as dynamical objects in string theory [2] it
was realized that the theory residing on N coincident Dp-branes is a p + 1 dimensional
U(N) supersymmetric Yang-Mills (SYM) theory with 16 supercharges [3]. The above facts
have been in the core of the most interesting developments in string/M- theory in the past
eight years, the BFSS Matrix Theory [4] and the AdS/CFT correspondence [5]. In the
both examples certain α′ → 0 limit of a background with N D-branes were used to argue
for (or obtain) a non-perturbative description of string/M- theory. In the BFSS case, this
was N D0-branes, i.e. a U(N) 0 + 1 dimensional SYM, which was proposed to describe
Discrete Light-Cone Quantization (DLCQ) of M-theory in the sector with N units of light-
cone momentum [4]. In the AdS/CFT, however, the near horizon limit of the geometry with
N D3-branes, i.e. the AdS5×S5 background with N units of the five-form flux through the
S5, was proposed to be dual (or equivalent) to the N = 4, D = 4 U(N) SYM. In another
point of view, the latter is the holographic description of string theory on AdS5× S5, as the
causal boundary of the AdS5 geometry is R×S3 [6]. The two conjectures, the BFSS matrix
model and the AdS/CFT, have passed many non-trivial crucial tests and a large class of such
checks are based on analysis of supersymmetric, BPS configurations. BPS states provide a
powerful tool for checking the conjectures because they are protected against corrections
which are often times out of control in the desired regimes.
The type IIB string σ-model on the AdS5 × S5 background has turned out to be very
hard to solve, e.g. see [7], and consequently many tests of the AdS/CFT in string theory side
has been limited to the supergravity limit (corresponding to large N limit in the dual gauge
theory). In a quest for pushing the duality beyond the supergravity limit it was shown
that the Penrose limit, after which the AdS5 × S5 geometry goes over to the plane-wave
background [8, 9], opens the possibility of exploring a region where the gauge and string
theories are both perturbatively accessible (for reviews see [10, 11]).
The ten dimensional, maximally supersymmetric plane-wave background (here we follow
conventions and notations of [10].):
ds2 = −2dX+dX− − µ2(X iX i +XaXa)(dX+)2 + dX idX i + dXadXa (1.1a)
F+ijkl =
4
gs
µ ǫijkl , F+abcd =
4
gs
µ ǫabcd (1.1b)
eφ = gs = constant (1.1c)
where i, a = 1, 2, 3, 4 and F5 is the (self-dual) fiveform field strength, has a one dimensional
light-like causal boundary and this leads one to the question whether strings on the plane-
wave background has a holographic description. Such a theory, if exists, should then be a
1
0 + 1 dimensional (presumably gauge) Matrix theory.
In [1], through a study of the three-brane giant gravitons [12] and their quantization,
a 0 + 1 dimensional U(J) gauge theory was obtained, the Tiny Graviton Matrix Theory
(TGMT). According to the tiny graviton conjecture, TGMT describes DLCQ of type IIB
string theory on the plane-wave (1.1), in the sector with J units of light-cone momentum.
Furthermore, it was argued that the same theory should also describe DLCQ of type IIB
strings on the AdS5 × S5 background.
Some pieces of evidence in support of the TGMT conjecture was presented in [1]. In
this work we provide further supportive evidence through a detailed and exhaustive study
of all the 1/2 BPS configurations of the TGMT. For that, in section 2, we review the
statement of the conjecture and the TGMT Hamiltonian. In section 3, we focus on the zero
energy configurations of the matrix theory and show that these are generically of the form
of concentric fuzzy three spheres residing in the X i and/or Xa directions (cf. (1.1)). In
the large J (string theory) limit these fuzzy spheres become spherical three-brane giants. In
section 4, we argue how our zero energy configurations are related to the similar 1/2 BPS
configurations in the type IIB supergravity recently studied in [13] and in the N = 4, D = 4
U(N) gauge theory [14]. In section 5, we show how the TGMT and the mass deformed
N = 8, D = 3 SCFT are related to each other. Explicitly, we argue that the three fuzzy
spheres of TGMT are indeed the quantized (longitudinal) M5-branes of the latter. This
would also shed light on some less clear part of the TGMT, namely the matrix L5 (cf. the
arguments of [1] or section 2). In section 6, we give a summary of our results and an outlook.
Some technical points have been gathered in the Appendices. In Appendix A, we present
our conventions for the Dirac gamma matrices and some useful identities. In Appendix B,
we review the new construction for the fuzzy spheres presented in [1]. This construction is
based on the quantization of Nambu brackets. We solve the two equations defining a generic
fuzzy sphere by embedding the fuzzy sphere in a higher dimensional noncommutative Moyal
plane and work out the details of this solution for the cases of fuzzy two and four spheres.
This constitutes a new construction for the fuzzy spheres, in particular fuzzy three and four
spheres. In the Appendix C, we have presented the (dynamical part of the) superalgebra
of the tiny graviton matrix theory, namely PSU(2|2) × PSU(2|2) × U(1) algebra and its
representation in terms of matrices.
2 Review of The Tiny Graviton Matrix Theory
In this section we briefly review the basics of the tiny graviton conjecture. This is essentially
a short summary of [1].
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2.1 The Giant, The Normal, The Tiny
As discussed in the introduction, the key objects in both BFSS matrix theory and the
AdS/CFT correspondence are flat 1/2 BPS D-branes. In the non-flat backgrounds, where a
form flux is turned on, it is possible to construct 1/2 BPS (topologically) spherical branes,
the giant gravitons [12]. In order to stabilize a spherical brane at a finite size we need to
exert a repulsive force on the brane to overcome its tension. This force can be provided,
noting that a spherical p-brane carries an (electric) dipole moment of the p + 1-form and if
we have a p + 2-form (magnetic) flux in the background a moving (rotating) brane would
feel a repulsive force. The situation can be arranged such that the tension and the form-field
forces cancel each other. Indeed this is only possible if the brane is following a light-like
geodesic, in this respect it behaves like any other (super)gravity mode, hence it was called a
giant graviton [12]. (Note that the spherical p-brane cannot carry p+ 1-form charge, unlike
a flat brane.)
From the above argument it follows that the size of the giant is related to its angular
momentum. In the AdS5 × S5 or the plane-wave background, where we have a fiveform
flux in the background, we can stabilize an S3 giant. The size of the giant and its angular
momentum J are related as [12] (
Rgiant
RAdS
)2
=
J
N
, (2.1)
where N is number of units of fiveform flux through the five sphere in AdS5 × S5 and [5]
R4AdS = R
4
S5 = Nl
4
p , (2.2)
where lp is the ten dimensional Planck length. The radius of the giant grown inside the S
5
cannot exceed its radius, and hence there is an upper bound on the J , J ≤ N .1
Angular momentum J is quantized and hence there is a minimal size giant graviton,
corresponding to J = 1 in (2.1). The size of this object which will be called tiny graviton is
then given by (
Rtiny
RAdS
)2
=
1
N
⇒ R2tiny =
l4p
R2AdS
= l2p
1√
N
. (2.3)
Therefore, in the large N (supergravity) limit tiny gravitons become much smaller than lp.
In this limit,
Rgiant ∼ RAdS ≫ lp ≫ Rtiny ≡ l . (2.4)
We would like to point out that the sizes for the giant and tiny gravitons we have discussed
above is a classical one. For the giants in S5 with the radius of order of RAdS the classical
1It is possible to consider giants grown inside AdS5 [15], for which there is no (upper) limit on their size
and/or angular momentum. However, there is a limit on the number of such giants [14, 16], we will comment
more on this issue in section 4.
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description is a good one (also note that such giants are moving very slowly, their angular
velocity is very small). For the tiny gravitons, however, the Compton wave-length is much
larger than their classical size. Therefore, the above arguments should only be treated as a
suggestive one and in fact we need to study the quantum theory of the tiny gravitons; that
is exactly what we are going to do in the next subsection.
Based on the observation (2.4) it was argued that the tiny gravitons should then be
treated as “fundamental” objects which may be used to formulate a non-perturbative de-
scription of strings on the AdS5 × S5 or on the plane-wave (1.1). In other words and in the
BFSS terminology, tiny gravitons are the “D0-branes” of the tiny graviton matrix theory.2
The above argument for the three sphere giants can be repeated for the membrane giants
in the AdS4 × S7, AdS7 × S4 or the eleven dimensional plane-wave. Explicitly, spherical
membranes with a unit angular momentum become tiny in the large N limit. In [1] it was
also noted that the BMN matrix theory [8, 19] is indeed a (membrane) tiny graviton theory.
2.2 Statement of the Conjecture
The tiny graviton matrix theory proposal is that the DLCQ of strings on the AdS5×S5 or the
10 dimensional plane-wave background in the sector with J units of light-cone momentum,
is described by the theory or dynamics of J “tiny” (three-brane) gravitons. To obtain the
action for J tiny gravitons, we follow the logic of [19] where the corresponding Matrix model
is obtained as a regularized (quantized) version of M2-brane light-cone Hamiltonian, but
now for 3-branes. This has been carried out in [1]. In other words, DLCQ of type IIB
strings on the plane-wave background (1.1) is nothing but a quantized 3-brane theory. The
statement of the conjecture is then:
The theory of J tiny three-brane gravitons, which is a U(J) supersymmetric quan-
tum mechanics with the PSU(2|2)× PSU(2|2)× U(1) symmetry, is the Matrix
theory describing the DLCQ of strings on the plane-waves or on the AdS5 × S5
in the sector with light-cone momentum p+ = J/R−, R− being the light-like com-
pactification radius. The Hamiltonian of this Matrix model is:
2To complete the above argument, however, one needs to show that tiny or giant gravitons share another
property with flat D-branes, namely when J number of them become coincident the U(1) gauge theory living
on them enhance to U(J). Showing this is not as direct as the flat D-branes, because due to the spherical
shape of giants imposing Neumann boundary conditions only on the directions parallel to the brane is not
as trivial. In [17], using the Born-Infeld action it was argued that the enhancement of the gauge symmetry
happens. The enhancement of the gauge symmetry for coincident giants has recently been argued for, using
the dual N = 4 U(N) gauge theory operators corresponding to cioncident giants [18].
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H = R− Tr
[
1
2
Π2I +
1
2
(
µ
R−
)2
X2I +
1
2 · 3!g2s
[XI , XJ , XK ,L5][XI , XJ , XK ,L5]
− µ
3!R−gs
(
ǫijklX i[Xj, Xk, X l,L5] + ǫabcdXa[Xb, Xc, Xd,L5]
)
+
(
µ
R−
)(
ψ†αβψαβ − ψα˙β˙ψ†α˙β˙
)
+
2
gs
(
ψ†αβ(σij) δα [X
i, Xj, ψδβ ,L5] + ψ†αβ(σab) δα [Xa, Xb, ψδβ ,L5]
)
− 2
gs
(
ψδ˙β˙(σ
ij) δ˙α˙ [X
i, Xj, ψ†α˙β˙,L5] + ψδ˙β˙(σab) δ˙α˙ [Xa, Xb, ψ†α˙β˙ ,L5]
)]
,
(2.5)
where I, J,K = 1, 2 · · · , 8 and i, a = 1, 2, 3, 4. In the above XI ’s, ψ’s and L5 are all J × J
matrices and the four brackets are the quantized Nambu four-brackets defined as:
[F1, F2, F3, F4] ≡ ǫijklFiFjFkFl (2.6)
where Fi’s are arbitrary J × J matrices. As discussed in [1] (cf. Appendix B) the quantized
Nambu four brackets are non-associative but satisfy a generalized Jacobi identity, are trace-
less and have a by-part integration property: Tr[F1, F2, F3, F4]F5 = −Tr[F1, F2, F3, F5]F4.
Using the properties of the Nambu four-brackets, one may show explicitly that the above
Hamiltonian exhibits the invariance under the PSU(2|2)× PSU(2|2)× U(1) superalgebra,
which is the superalgebra of the plane-wave background; see Appendix C for the superal-
gebra and its representation in terms of the J × J matrices. The other advantage is that,
similarly to BMN Matrix model [8, 19], there are no flat directions and the flat directions
are lifted by the mass terms coming form the background plane-wave metric.
The U(J) gauge symmetry of the above Hamiltonian is in fact a discretized (quantized)
form of the spatial diffeomorphisms of the 3-brane. As is evident from the above construction
we expect in J →∞ limit to recover the diffeomorphisms. In this respect, it is very similar
to the usual BFSS (or BMN) Matrix model in which the gauge symmetry is the regularized
form of the diffeomorphisms on the membrane worldvolume [19].
Here we would like to stress that the DLCQ of strings on the AdS5 × S5 and that of the
10 dimensional plane-wave should be the same. To see this, we note that taking the Penrose
limit over the AdS5 × S5 we obtain the plane-wave background and that the Penrose limit
consists of following a light-like observer. From the viewpoint of a light-like observer (a
boosted infinite momentum frame) which uses global AdS time as its time coordinate, what
is seen out of whole AdSp×Sq background is the Penrose limit of that, namely a plane-wave
background. One should, however, note that the size of the tiny graviton l which in the
AdS5 × S5 is given by l4 = l4p/N (2.3), in the plane-wave limit and in the notations of the
Hamiltonian (2.5) is equal to [1]
l2 =
µgs
R−
l2s . (2.7)
In other words, to use the Hamiltonian (2.5) for the AdS5 × S5 case one should replace R−µ
by (gsN)
1/2. (Note that in our conventions both µ and R− have dimension of energy.)
One less clear ingredient in the TGMT Hamiltonian is a given classical J × J matrix L5.
In sections 3 and 5, we will show how construction of 1/2 BPS solutions of the TGMT helps
us with a better understanding of the physical meaning of L5.
2.3 Gauge symmetry and the Gauss law constraint
The Hamiltonian (2.5) can be obtained from a 0 + 1 dimensional U(J) gauge theory La-
grangian, in the temporal gauge. Explicitly, the only component of the gauge field, A0, has
been set to zero. To ensure the A0 = 0 gauge condition, all of our physical states must satisfy
the Gauss law constraint arising from equations of motion of A0. Similarly to the BFSS [4]
and BMN [19] cases, these constraints, which consists of J2 − 1 independent conditions are:(
i[X i,Πi] + i[Xa,Πa] + 2ψ†αβψαβ + 2ψ
†α˙β˙ψα˙β˙
)
|φ〉phys = 0. (2.8)
These constraints are the requirement of SU(J) invariance of the physical states.
We should stress that, as in any gauge theory, fixing the local gauge symmetry does not
fix the global gauge symmetry and the Hamiltonian (2.5) is still invariant under the time
independent gauge transformations:
XI → UXIU−1 , L5 → UL5U−1 (2.9)
(and similarly for fermions) where U ∈ U(J). That is, L5 is a given matrix up to a U(J)
transformation. We will comments on this issue further in section 3.
2.4 String theory limit
The Hamiltonian (2.5) is proposed to describe type IIB string theory on the plane-wave
with compact X− direction. The “string theory limit” is then a limit where we decompactify
R−, keeping p
+ fixed, i.e.
J,R− →∞, µ, p+ = J/R−, gs fixed . (2.10)
In fact one can show that in the above string theory limit one can re-scale X ’s such that
µ, p+ only appear in the combination µp+. Therefore the only parameters of the continuum
theory are µp+ and gs.
For the proposal in the full AdS5×S5 background with R−/µ =
√
gsN the string theory
limit (2.10) is then equivalent to large N , large J (J, N →∞) limit, keeping J2/N and gs
fixed, that is the BMN double scaling limit [8].
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According to the TGMT conjecture non-perturbative formulation of type IIB string the-
ory on the AdS5 × S5 background in the DLCQ, is given by quantized D3-brane theory.
As a complete theory, TGMT should also contain other perturbative and non-perturbative
objects present in the string theory, including the fundamental closed strings themselves. As
the second part of the tiny graviton conjecture it was argued in [1] that the “trivial” XI = 0
vacuum solution of the TGMT, quantum mechanically describes fundamental IIB closed
strings. In other words, here strings are non-perturbative objects around trivial vacuum.
Providing more supportive evidence for the second part of the conjecture is postponed to a
future work [20].
3 Zero Energy Solutions
As the kinetic energy is always positive, the zero energy configurations are necessarily static
(Π = 0) solutions, similarly fermionic terms should also be set to zero. Therefore, the
Hamiltonian relevant for the zero energy solutions takes the form
V = R− Tr
[
1
2
(
µ
R−
X l +
1
3!gs
ǫijkl[X i, Xj, Xk,L5]
)2
+
1
4g2s
[X i, Xj, Xa,L5][X i, Xj, Xa,L5]
+
1
2
(
µ
R−
Xd +
1
3!gs
ǫabcd[Xa, Xb, Xc,L5]
)2
+
1
4g2s
[X i, Xa, Xb,L5][X i, Xa, Xb,L5]
]
(3.1)
Each term in the above expression is positive-definite, hence the zero energy solutions are
obtained when each of the four terms are vanishing, i.e.
[X i, Xj, Xk,L5] = −µgs
R−
ǫijklX l (3.2a)
[Xa, Xb, Xc,L5] = −µgs
R−
ǫabcdXd (3.2b)
[Xa, Xb, X i,L5] = [Xa, X i, Xj,L5] = 0 . (3.2c)
The first class of solutions to the above equations is the “trivial” X = 0 solution:
X i = 0 ; Xa = 0 (3.3)
Although mathematically trivial, this vacuum is physically quite non-trivial. According to
the tiny graviton conjecture [1] X = 0 corresponds to the fundamental string vacuum.
The next class of solutions which was briefly discussed in [1] is obtained when either
X i = 0 or Xa = 0. In this case eqs.(3.2c) and either of (3.2a) or (3.2b) are trivially satisfied.
Since there is a Z2 symmetry in the exchange of X
i and Xa, here we only focus on the
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Xa = 0 case and the X i = 0 solutions have essentially the same structure. Therefore, this
class of vacua are solutions to
Xa = 0 , [X i, Xj, Xk,L5] = −µgs
R−
ǫijklX l . (3.4)
In sections 3.1 and 3.2.1 we give the most general solutions to (3.4). One should, however,
note that if we choose to expand the theory around either of these vacua the Z2 symmetry is
spontaneously broken. As we will see these solutions are generically of the form of concentric
fuzzy three spheres in either of the SO(4)’s.
There is yet another class of solutions where both X i and Xa are non-zero. These are
non-trivial solutions which in the string theory limit correspond to giant gravitons grown in
both Xa and X i directions. We consider these cases in sections 3.2.2 and 3.2.3.
All of these vacua are 1/2 BPS states. To see this, consider the superalgebra of the
10-dimensional plane-wave background given in Appendix C. The plane-wave solution (1.1)
has a large set of bosonic and fermionic isometries. The bosonic isometry group, whose
dimension is 30, includes SO(4)×SO(4) rotations and translation along x− and x+ directions,
the generators of which will be denoted by Jij, Jab, P
+ and H = −P−, respectively [10].
There are 16 other isometries which are not manifest in the above coordinates. There are
also 32 fermionic isometries (supercharges) which can be decomposed into 16 kinematical
supercharges qαβ, qα˙β˙ and 16 dynamical supercharges Qαβ˙ and Qα˙β (and their complex
conjugates), for more details see [10] and also Appendix C.
Solutions to eqs.(3.2) are fuzzy 3-spheres, which in the string theory limit generically go
over to giant gravitons (spherical D3-branes) 3. Noting the equation (C.4) we see that these
zero energy fuzzy sphere solutions are all 1/2 BPS, i.e. they preserve all of the dynamical
supercharges (half out of whole kinematical and dynamical ones), as they have H = 0 and
Jij = Jab = 0.
3.1 Single giant solutions
To start our classification of all zero energy 1/2 BPS solutions of the TGMT, in this subsec-
tion we study a single giant graviton which is a solution to (3.4). As can already be seen from
(3.4) and would be analyzed in detail in the rest of this section, solutions to (3.4) group the-
oretically are labeled by J × J representations of SO(4) (or more precisely spin(4)). These
representations can be reducible or irreducible. The irreducible representations (irreps),
which corresponds to a single giant graviton state, is discussed in this subsection.
3There has been another proposal for a quantized giant three sphere [21]. There the fact that S3 =
CP 1⋉S1 has been used and in the quantum version the CP 1 = S2 has been replaced by its fuzzy counterpart.
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Our goal is to solve (3.4) for J × J matrices. Let us, however, first relax the constraint
on the size of the matrices and look for some generic solution to (3.4). As
[γi, γj, γk, γ5] = −4!ǫijklγl ,
it is straightforward to see that
X i = ζγi , L5 = 1
4!
γ5 , (3.5)
with ζ2 = µgs
R−
solves (3.4). (γi and γ5 are 4 × 4 Dirac γ-matrices. For our conventions see
Appendix A.) Noting that
∑
i(γ
i)2 = 4, (3.5) defines a fuzzy three sphere of radius 2. This
is indeed the smallest possible size for an S3f .
To construct a generic solution to (3.4), inspired by a similar method for the fuzzy two
sphere [22], we try to embed the fuzzy three sphere into a higher dimensional noncommutative
Moyal plane. To do this we introduce an eight dimensional Moyal plane C4θ, i.e. a space
parameterized by zα, z¯α, α = 1, 2, 3, 4 satisfying
[zα, z¯β ] = θδαβ . (3.6)
Next let
X i = κz¯α(γ
i)αβ zβ , L5 = ξz¯α(γ5)αβ zβ . (3.7)
It can be shown (this has been shown in some detail in Appendix B using identities of
Appendix A) that (3.7) solves (3.4) with
1
3
κ2ξ θ3(X0 + 2) =
µgs
R−
≡ l2 , (3.8)
where
X0 ≡ 1
θ
z¯αzα. (3.9)
The equation (3.7) is a realization of the Hopf fibration for an S7 with an S4 base (for more
details see Appendix B).
Noting that the operator X0 commutes with all X i’s and L5, (3.7) is then a solution
to (3.4). In other words, (3.7) is a generic solution to (3.4) but with infinite size matrices.
Notice that z¯α/
√
θ and zα/
√
θ are creation and annihilation operators of a four dimensional
harmonic oscillator and hence are explicitly infinite size matrices. Therefore, X i’s are also
infinite size matrices. These infinite size matrices form reducible representations of spin(4)
and what we should do next is to identify finite size irreps inside these matrices.
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3.1.1 Restricting to J × J solutions
In this part we construct a finite size solution out of (3.7). We will do this in two steps; first
we extract out a finite dimensional representation of SO(5) and then reduce that further
to a J × J representation of SO(4). Note that [X i, Xj] are generators of so(4) algebra and
adding [X i,L5] to this collection we have a representation of so(5). Next, note that X0
commutes with all X i’s and L5 and hence with all so(5) generators, i.e. X0 is a Casimir
of so(5) and L25 commutes with all the so(4) generators. Therefore, these two steps can
be taken, respectively, by focusing on X0 and L25 and identify the blocks in which they are
proportional to the identity matrix.
In the number operator basis for the four dimensional harmonic oscillator X0 is already
diagonal with the eigenvalues n (n is a non-negative integer). The eigenvalue n comes with
the multiplicity N :
N =
1
6
(n+ 1)(n+ 2)(n + 3) . (3.10)
N is the number of possible partitions of n into four non-negative integers. In this basis X0
takes the form
14x4
110x10
1NxN
=X 0
.2
.n
0
. (3.11)
Using the identities of Appendix A, one can easily check that
5∑
µ=1
(Xµ)2 = κ2θ2X0(X0 + 4) , (3.12)
where Xµ = κz¯γµz, µ = 1, 2, · · · , 5. Therefore, restricting X0 to a block in which it is
equal to n · 1N×N would give an embedding of a four sphere, in fact a fuzzy four sphere (cf.
Appendix B), in an eight dimensional Moyal plane. The radius of this sphere is then
R2S4
f
= κ2θ2n(n+ 4), (3.13)
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where n and the size of matrices N are related as in (3.10). In the large n limit RS4
f
≃ κθ n
and N ≃ n3/6. The continuum (commutative) limit is when κθ ∼ 1/n→ 0, keeping R fixed.
S 4f
S3f
5L
Figure 1: A fuzzy three sphere S3f is obtained from S
4
f by cutting it in a narrow strip close
to its equator.
Before moving to the construction of a fuzzy three sphere, we would like to comment on
the above construction of the four sphere. By definition an S4 is a four dimensional manifold
with so(5) isometries. In the above we have given a specific embedding of a four sphere in
an eight dimensional (noncommutative) space. More specifically, noting that X0 = const.
defines an S7 in the eight dimensional space (see (3.9)), we have an embedding of S4 into S7.
This embedding is a (noncommutative) realization of the Hopf fibration with S4 as the base,
e.g. [23]. Out of the so(8) isometries of the S7 there is a u(4) subgroup which is compatible
with the holomorphic structure on C4 ≃ R8. Note also that in the noncommutative Moyal
case of C4θ, that is this u(4) ⊂ so(8) which does not change the noncommutative structure
(3.6). The Xµ behaves as a vector under so(5) ⊂ su(4) and the generators of the full su(4)
are Xµ and [Xµ, Xν ]. (The generator of the u(1) ⊂ u(4) is X0.)4
We are now ready to take the second step and construct a (fuzzy) three sphere, S3f , from
the above S4f . The idea, as depicted in Figure 1, is that a three sphere is a great sphere
on the equator of a four sphere. In the noncommutative fuzzy case, however, due to the
noncommutativity and fuzziness it is not possible to exactly sit on the equator, and we are
forced to cut a narrow strip around the equator. The width of the strip in the commutative
limit goes to zero. This would become clearer momentarily.
To cut the four sphere around its equator we should restrict the coordinate X5 to be zero
or in fact very close to zero compared to the other four embedding coordinates. Moreover,
4It is worth noting that the generators of so(8) which are not included in u(4) cannot be constructed
from combinations of z, z¯.
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by definition the sum of the squares of the embedding coordinates of an S3f must be propor-
tional to the identity matrix. Therefore, we need to restrict ourselves to blocks in N × N
matrices where L25 is proportional to the identity. In the number operator basis for the four
dimensional harmonic oscillator X5 is diagonal (cf. (3.7)) and is of the form
X5
NxN     
n. n+1
(n−2). 2n
(n−2k). (n−k+1)(k+1)
2n(−n+2).
−n. n+1
1
1
1
1
1
= κθ
, (3.14)
where 0 ≤ k ≤ n, i.e. X5 consists of n+ 1 blocks.
As we see in (3.14) X5 ranges from −n to n with the steps of two. In the continuum limit
this reduces to the fact that X5 ranges from −RS4 to RS4 . The equator then corresponds to
taking the smallest value for X5; that is, zero if n is even and 1 or −1 if n is odd. Obviously
even n case, which leads to L5 = 0, is not an appropriate choice because all the four brackets
in the Hamiltonian (2.5) would vanish. The proper choice is then odd n case which leads to
the L5 of the form
=5L
111
1
−1
−1−1
−1
JxJ  
ξθ
. (3.15)
The size of this matrix J is
J =
1
2
(n+ 1)(n+ 3) . (3.16)
This can be seen from the definition of L5 in terms of the harmonic oscillators and is derived
from the number of possible partitions of a given integer into two non-negative integers.
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In [1] and thus far, we had not given an explicit basis independent definition of L5. Using
the above, however, now we have one:
L5 is a J × J hermitian matrix with
L25 = (ξθ)2 1J×J , T rL5 = 0 . (3.17)
Note that the expression for L5 given in (3.15) is in the basis where L5 is diagonal and in
general L5 is defined up to a (global) U(J) rotation (cf. (2.9)).
To complete our construction of the fuzzy three sphere we should specify the relation
between radius and size of the matrices J . By definition
4∑
i=1
(X i)2 = R2S3
f
1J×J , (3.18)
where X i’s are given in (3.7). One may start with the N ×N matrices corresponding to an
S4f ; i.e. a spin n representation of so(5) and compute the sum of squares of X
i’s where it
becomes proportional to the J×J identity matrix. In other words, we are projecting N ×N
matrices using a projector PR where
∑4
i=1(PRX
iPR)
2 ∝ 1J×J and consequently dimPR = J .
Performing this calculation we find
R2 ≡ R2S3
f
=
1
2
(n+ 1)(n+ 3)κ2θ2 = Jκ2θ2. (3.19)
In the solution (3.7) there are three parameters, namely κ, ξ and θ, which are not
completely specified so far. There is, however, a relation among these parameters and the
tiny graviton matrix theory parameters, (3.8) and (3.19). Therefore, two of these parameters,
which are normalization parameters, are free and we have a choice on fixing them. In our
conventions θ has dimension of length squared and we would like L5 to be dimensionless
and X i of dimension of length. Hence, κ should have dimension of one over length and ξ
dimension of one over length squared. We choose κθ = l, which leads to ξθ = l
R
. θ is still
a free parameter which may be absorbed in the redefinition of zα as zα/
√
θ. However as we
will see in section 5 and is discussed in Appendix B, θ = lR has a natural physical meaning
as the minimal volume which can be measured on a fuzzy four sphere and therefore would
prefer to keep θ in our formulae. In sum, we fix our normalization parameters as
κ =
l
θ
=
1
R
(3.20a)
ξ =
l
R
· 1
θ
=
1
R2
(3.20b)
θ = lR . (3.20c)
Note that l2/l2s = µgs/R− (2.7).
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With the above choice it is easy to see that typically X i ∼ R while L5 ∼ lR . It is now
clear that, as we expected and argued, L5 in the continuum limit, l → 0, R = fixed, goes to
zero. We would like to stress a very important outcome of the above construction:
A fuzzy three sphere, due to the fuzziness and the fact that L5 6= 0 (cf. Figure 1),
is still topologically a (fuzzy) four sphere.
In the continuum limit the width of the L5 strip goes to zero and we recover the usual three
sphere. This would have profound physical consequences which will be discussed in detail in
section 5.
Before ending this subsection for completeness we briefly review another equivalent con-
struction of S3f . A more detailed discussion on this method can be found in [24, 25]. This
method is based on group and representation theory of SO(4) and SO(5), rather than the
four brackets, embedding into an eight dimensional Moyal plane and Hopf fibration. For
this, let us start with the construction of the S4f presented in Appendix B, B.2.1. Again, we
single out one of the Gµ’s, say G5, and restrict G5 to a J × J sector in which (G5)2 = 1J×J .
The size of the matrices and n, as indicated by the group theory [25], is exactly given by the
equation (3.16).
3.2 Multi giant solutions
Having studied the single giant graviton solution, we use that to construct the most general
1/2 BPS solutions, i.e. multi giant graviton solutions. This category of solutions to (3.2)
encompasses spherical gravitons of arbitrary size in X i and/orXa subspaces. In what follows
we present a detailed study of all possible cases.
3.2.1 Concentric giants
To go one step further and study more general solutions to what we have studied so far, in
this part we search for solutions to (3.4) (special case of (3.2)) which geometrically describe
a number of concentric spheres in either of SO(4) invariant subspaces. Here we consider
Xa = 0 and X i 6= 0 case. Group theoretically it corresponds to reducible representations of
SO(4).
This can be obtained by partitioning J × J , X i matrices into some Jk × Jk blocks, X ik
matrices, in such a way that
∑m
k=1 Jk = J , where m is the number of spherical gravitons
ranging from 1, corresponding to a single giant giant, to J , corresponding to J tiny gravitons.
This has been depicted in Figure 2.
We should emphasize that, as solutions to (3.2) and the TGMT, all these solutions must
14
=X i
J  x Jkk
J x J
=L5
k;
11
−1
−1
0
0
.
Figure 2: X i corresponding tom concenteric giants and the L5 corresponding to the kth block.
The size of the kth three sphere is then R2k ∝ Jk (cf. (3.19)) and hence
∑m
k=1R
2
k = R
2.
come with the same L5 matrix. In fact noting the (3.15) or (3.17) one can observe that this
is possible, simply by reshuffling some of 1’s and −1’s in (3.15).
3.2.2 Non-concentric giants
As the next step, we construct solutions to (3.2) where both X i and Xa are non-zero. To
start with we consider solutions which correspond to one giant graviton in X i and one in
Xa directions. In order that, we choose our matrices to have two copies of the solution we
obtained in section 3.1.1. To realize this solution through oscillator approach we have to
start from C4θ × C4θ Moyal complex plane. Since the construction is essentially the same as
what we presented in 3.1.1, we do not repeat the details and only present the final result.
It is easily seen that, by construction, X i and Xa both satisfy (3.2a) and (3.2b). One
should, however, make sure that (3.2c) is also fulfilled. This leads to X ’s of the form It is
=X i
J1x J1 J1x J1
J x J2 2
J x J2 2
J x J
; X a =
J x J
1
1
0
0
. (3.21)
readily seen that J1+J2 = J , or equivalently the sum of the radii squares of the two spheres
should be equal to the square of the radius of a single giant. It is worth noting that, as it
should, L5 has the same form as in (3.15), but with some of the 1’s and −1’s interchanged,
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L5
aL5
iL5
L5
a
L5
i 11
−1−10
0 11
−1−10
0
2J  x J 2
=;=
1J  x J1
=
0
J x J0
,
. (3.22)
3.2.3 Generic multi giants
Finally we can combine the arguments of 3.2.1 and 3.2.2 sections to construct the most
generic solutions to (3.2). These solutions describe arbitrary number of S3 giants in both
X i and Xa directions. As depicted in Figure 3, coordinates of each spherical graviton come
from each block of the partitioned X i and Xa matrices and the radius squared of each S3 is
proportional to the size of the corresponding block.
=X i
J1x J1
J x J2 2
J1x J1
J x J2 2
0
J x J
; X a =
J x J
0
0
0
0
0
.
Figure 3: X ’s corresponding to the most generic 1/2 BPS solutions of TGMT.
It is instructive to compare our solutions to that of BMN matrix theory [8] which, as
discussed in [1], is nothing but (membrane) tiny graviton matrix theory. There we have
X i and Xa directions but with i = 1, 2, 3 and a = 1, 2, · · · , 6. The zero energy solutions
are either of the form of concentric fuzzy two sphere membranes grown in the X i directions
[19] or concentric spherical fivebranes grown in the Xa directions [26]. In other words, each
vacuum has a description in terms of membranes or equivalently described by fivebranes.
In [26] it was argued that both the membrane and fivebrane vacua can be described by a
Young tableau encoding partition of the light-cone momentum J into non-negative integers.
Depending whether we focus on the rows or columns of the Young diagram we will see the
membrane or the fivebrane description. In this respect this is very similar to our case (cf.
Figure 4), however, now both the X i or Xa directions correspond to spherical three branes.
Compared with the 11 dimensional case of the BMN matrix theory [19, 26], however,
the ten dimensional case of this paper has some specific features. In the ten dimensional
case, as we have shown one can explicitly construct solutions in which both X i and Xa
are non-vanishing. (In fact to the authors’ knowledge for the 11 dimensional case so far
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there is no explicit construction of the fivebranes in terms of matrices.) Moreover, in the
ten dimensional case, besides the two possible dual descriptions in terms of the three sphere
giants grown in X i or Xa directions, there should be yet another description in terms of
fundamental strings [20].
4 Relation to 1/2 BPS States of N = 4 U(N) SYM and
Their Gravity Duals
The tiny graviton matrix theory is conjectured to describe DLCQ of strings on the AdS5×S5
background. The latter, however, has another description in terms of N = 4, D = 4 U(N)
SYM theory. As such, we should be able to show that there is a one-to-one map between
the 1/2 BPS solutions of the two. For that, let us first review the structure of 1/2 BPS
solutions in the U(N) SYM. The N = 4, D = 4 U(N) SYM is a superconformal field
theory and has a large supersymmetry group, namely PSU(2, 2|4), the bosonic part of
which is SO(6)× SO(4, 2). All the (gauge invariant) operators of the gauge theory fall into
various (unitary) representations of this supergroup. Starting from the psu(2, 2|4) in the
appropriate notation, e.g. the one adopted in [10], it is straightforward to show that 1/2
BPS states are those which are invariant under SO(4)i ⊂ SO(4, 2) and SO(4)a ⊂ SO(6).
Besides this SO(4) × SO(4), 1/2 BPS operator must be invariant under another U(1),
U(1)H . This U(1) is constructed from U(1)∆ and U(1)J , where SO(4)i × U(1)∆ ⊂ SO(4, 2)
and SO(4)a × U(1)J ⊂ SO(6), as follows: denote the generators of U(1)∆ and U(1)J by ∆
and J , the generator of U(1)H is then H = ∆ − J . (Note that U(1)∆ is a non-compact
U(1) while U(1)J is a compact one.) Therefore, 1/2 BPS states should have H = 0 and be
invariant under SO(4)× SO(4). In other words, 1/2 BPS states of the N = 4, D = 4 SYM
from the superalgebra viewpoint have exactly the same quantum numbers as the zero energy
solutions of the tiny graviton matrix theory and naturally fall into the unitary representations
of PSU(2|2)× PSU(2|2)× U(1).
After this strong indication coming from the superalgebra and its representations, let us
build a more direct relation between our fuzzy sphere solutions and the gauge theory 1/2
BPS operators. In the N = 4 gauge multiplet we have six real scalars φA which form a
vector of SO(6). Let φ5 + iφ6 = Z. A generic 1/2 BPS operator, a chiral primary operator,
is then a multi-trace operator only made out of Z’s:
O{ki} = : TrZk1 TrZk2 · · ·TrZkl : (4.1)
where the total R-charge (or scaling dimension) of O{ki} is J =
∑l
i=1 ki. (There might be
some repeated ki’s.) The “Tr” basis is not necessarily an appropriate one, O{ki} and O{k′i}
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are not orthogonal to each other. Instead one may use “subdeterminant” basis [18, 27] or
“Schur polynomial” basis [28, 29, 30] which have the orthogonality condition. Consider a
Young tableau consisting of J boxes, this Young diagram represents both a representation
R of U(N), and also a representation of the permutation group of J objects SJ , χR. Hence
one may use this observation to construct the Schur polynomial basis:
OR = 1
n!
∑
i1,i2,··· ,iJ
∑
σ∈SJ
χR
(
Z i1iσ(1)Z
i2
iσ(2)
· · ·Z iJiσ(J)
)
. (4.2)
A generic Young diagram is depicted in Figure 4. In other words, there is a one-to-one map
between representations of permutation group SJ and the chiral primary operators.
(a)
l < N
(c)
J < N
S
AdS
J
J
J
J
1
2
3
l
l
(b)
J
S
AdS
J
l
k =Σ
k=1
J J
Figure 4: Some Young Tableaux with J boxes. (a) A totally anti-symmetric representation.
This corresponds to a single giant graviton of radius
√
J grown in S5 or J tiny gravitons
residing in AdS5. (b) A totally symmetric representation which corresponds to a single giant
graviton in AdS5 or J tiny gravitons in S
5. (c) A generic Young tableau of l rows and J boxes.
If we view the tableaux from above (focusing on columns) we see giants grown in S5, and
if we view it from the left side (focusing on rows) we see giants in AdS5. In a U(N) Young
tableau number of rows cannot exceed N , a realization of the stringy exclusion principle
[12]. From the viewpoint of giants grown in AdS, however, this is the number of concentric
3-branes, and not their size, which cannot exceed N . The fact that each Young tableau
has two interpretations in terms of giants in S5 or AdS5 is a manifestation of particle-hole
duality in the two dimensional fermion picture discussed in [13].
On the other hand there is a one-to-one correspondence between partitions of J into
arbitrary positive integers and the representations of SJ . Hence it is evident that there is
a one-to-one correspondence between our generic fuzzy sphere solutions of section 3.2.3 and
the Young Tableaux with J boxes. In this point of view each box in the Young tableau
corresponds to a tiny graviton.
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JPartition of     into
Integers
Figure 5: A Young tableau of J boxes has three interpretations. i) A representation of
U(N), ii) Schur Polynomials and representation of permutation group SJ and iii) Partition
of J into non-negative integers. The first two interpretations were noticed in [13, 14, 30]
as discussed there, they lead to an equivalent description of all 1/2 BPS configurations of
N = 4 U(N) SYM in terms of two dimensional fermion system. The third one, however, is
the one, is relevant to the 1/2 BPS solutions of the TGMT.
We would also like to briefly comment on the relation to the supergravity solutions cor-
responding to the above 1/2 BPS states, recently constructed by Lin-Lunin-Maldacena [13].
However, first we need to review another equivalent description of the 1/2 BPS opterators
of the N = 4 U(N) gauge theory: A system of N two dimensional fermions in harmonic
oscillator potential. To see this recall that the part of the N = 4 U(N) gauge theory on
R× S3, relevant for the dynamics of chiral primary operators, in the temporal gauge, takes
a very simple form:
S =
1
g2YM
∫
dτ Tr
(
∂τZ
†∂τZ − Z†Z
)
. (4.3)
The simplifications leading to the above action come from two sources: 1) the chiral pri-
maries, among all the fields present in a N = 4 gauge multiplet, only involve Z’s and; 2)
to be 1/2 BPS they should be invariant under SO(4) acting on S3 that the gauge theory
is defined on. Therefore, we can perform integration over the S3 to remain with a one di-
mensional action (4.3). The mass term for Z is the conformal mass present for all of six
scalars (and fermions) of the N = 4 SYM on R × S3. The action (4.3) which governs the
dynamics of the chiral primary operators is nothing but the action for a bunch of decou-
pled harmonic oscillators all with the same frequency (note that Z’s are N × N matrices).
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One can still use the (global) U(N) gauge transformations to bring Z’s to a diagonal form.
These N eigenvalues can directly be related to physical gauge invariant operators. In fact the
eigenvalues correspond to position of N two dimensional fermions in a harmonic oscillator
potential. (If we choose to work with diagonal matrices, we should then add the Van der
monde determinant, which in turn leads to the fermionic nature of the eigenvalues [31].)
In the two dimensional fermions viewpoint every chiral primary corresponds to a distri-
bution of fermions or a “droplet” in the fermion phase space. In a recent work Lin-Lunin-
Maldacena (LLM) [13] have constructed the supergravity solutions corresponding to each
droplet. That is, they have shown that there is a one-to-one map between the 1/2 BPS type
IIB supergravity solutions with PSU(2|2) × PSU(2|2) × U(1) supersymmetry and the N
2d fermion phase space. These solutions, as supergravity solutions, correspond to various
classical giant gravitons in the AdS5×S5 or the plane-wave background. We have discussed
that there is a one-to-one correspondence between our 1/2 BPS solutions and the N = 4
gauge theory, hence we expect that our multi-fuzzy sphere solutions to be associated with
the quantized LLM backgrounds. It is, however, hard to directly construct classical back-
ground metrics corresponding to a given Matrix theory configurations. This is also the case
for BFSS Matrix Theory or its variants. Nonetheless, it should be possible to extract some
information about the blackholes and their entropy from the matrix theory. We hope to
address this question in future works.
5 Relation to Mass Deformed D = 3, N = 8 SCFT
As discussed in [1] and reviewed in section 2, the TGMT Hamiltonian is obtained from
quantization (discretization) of a 3-brane Hamiltonian in the plane-wave background, once
the light-cone gauge is fixed. In the process of quantization, we prescribed to replace the
classical Nambu 3-brackets, which naturally appear in the 3-brane action, with quantized
Nambu 4-brackets. For that, however, we need to introduce a given fixed matrix, L5. In
this section we intend to clarify the role and physical significance of the L5 and justify our
prescription for quantization of Nambu 3-brackets.
In order that we recall the standard string/M-theory dualities and that type IIB string
theory is related to M-theory on a T 2, under which an M5-brane (wrapping the T 2) is mapped
to a D3-brane. On the other hand, the TGMT is a quantized 3-brane theory. Therefore, we
propose that:
The TGMT can also be thought as a quantized M5-brane theory, L5 is indeed
the reminiscent of the 11th circle and the three sphere giants are M5-branes with
the worldvolume R2+1 × S3. The R2 part is in fact compactified over the T 2
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which relates M and type IIB theories, one of the directions in T 2 is then along
the L5 and the other one is along the X− direction.
Evidence for the proposal
To present some pieces of evidence in support of the above proposal we first, very briefly,
review the results and arguments of Bena-Warner [32], which may also be found in [13],
where a class of 1/2 BPS solutions to 11 dimensional supergravity has been constructed.
These solutions asymptote to AdS4 × S7 and, as discussed in [32], correspond to M2-branes
dielectrically polarized into M5-branes. In these solutions the S7 has been deformed in such
a way that its SO(8) isometry is reduced to SO(4)× SO(4). Physically these solutions cor-
respond to (near horizon geometry of) a stack of M2-branes along X0, X1, X2 directions and
M5-branes along X0, X1, X2 while their other three directions wrap an S3 in the directions
transverse to the M2-branes. Hence, the worldvolume of the M5-branes is on R2+1 × S3.
From the gravity viewpoint this deformed AdS4 × S7 is obtained by turning on a four-form
flux through either of the S3’s and the other remaining direction in S7. (In our analysis
we take this R2 to be compactified on an S1 × S1.) Due to the existence of the four-form
flux one of this S1 directions combine with one of the S3’s to topologically form an S4; the
M5-branes then wrap the other S3 [13].
This deformation of AdS4 × S7 has a dual description in terms of mass deformed three
dimensional N = 8 SCFT. The mass deformation, which corresponds to the four-form flux
through the S3 in the supergravity solution, breaks the SO(8) R-symmetry of the SCFT to
a SO(4)× SO(4) subgroup, as well as half of the supersymmetry.
The isometries of this solution include two translations along the M2-brane worldvolume.
Following [32, 13], one may U-dualize this solution along this R2 down to type IIB supergrav-
ity. In the type IIB, however, the M5-branes appear as three sphere giant gravitons. One of
the U-duality directions after the duality appear as the X− direction in our ten dimensional
plane-wave background. In our DLCQ description this direction is compact with the radius
R−/µ (in units of ls). We propose that the other one has a non-trivial appearance in our
TGMT Hamiltonian through the L5. In other words, the TGMT already knows about the
11 dimensional origin of the type IIB string theory.
As the first piece of evidence recall that, as we discussed and emphasized in section 3.1, a
fuzzy three sphere which is a quantized three sphere giant, is topologically a four sphere. The
L5, which is the reminiscent of the (fuzzy) four sphere we started with, has a non-vanishing
extent, cf. Figure 1. The non-zero extent of L5 is a “quantum” effect and therefore the
11 dimensional origin of the TGMT is a result of quantization of type IIB string theory.
Recalling that L5 ∼ l/R, in the classical limit, l → 0, R=fixed, L5 goes to zero and hence
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we reproduce the usual ten dimensional type IIB theory.
As a more quantitative evidence, we note the relation between the fuzziness, gs and R−
(2.7), which can be written as
gs =
R−/µ
l2/l2s
. (5.1)
The above should be compared with the expression for the coupling of type IIB string
theory obtained from M-theory on T 2. If the radii of the two cycles in T 2 are R1, R2, then
gs = R1/R2, e.g. see [33]. If we identify R1 with R−/µ, then (5.1) implies that R2 = l
2/l2s .
5
Next, we note that as a direction in a fuzzy four sphere the width of the L5 strip in units
of ls is δX
5 = LL5 ∼ Ll/R, where L4 is the smallest volume one can measure on an S4f , cf.
discussions at the end of Appendix B. Using (B.27) we have
δX5 =
lR
l2s
· l
R
=
l2
l2s
, (5.2)
which is what we expected for R2 from a T
2 compactification of M-theory. This is a re-
markable result because reproduction of the standard string/M-theory dualities and their
implications is among the strong supportive evidence for the TGMT conjecture.
6 Discussion and Outlook
As a start to a detailed analysis of the tiny graviton matrix theory (TGMT), in this paper we
studied the zero energy 1/2 BPS configurations of the theory. These solutions are labeled by
reducible or irreducible J ×J representations of SO(4) and physically correspond to various
giant gravitons of different size, extended in X i and/or Xa directions.
Recently there have been an interest in better understanding of similar 1/2 BPS con-
figurations in the context of usual AdS/CFT correspondence in both gauge theory [14] and
gravity [13] sides. The interest in the 1/2 BPS configurations is motivated by the fact that
these 1/2 BPS states may help us with pushing the analysis of AdS/CFT to beyond the
supergravity limit. In this respect our analysis parallels these studies, though in the context
of the TGMT which is conjectured to be a non-perturbative, exact description of DLCQ
of type IIB strings on AdS5 × S5. Of course, analysis of the 1/2 BPS states is a part of a
bigger problem, which has been depicted in Figure 6. In [1] and also in this work we have
tried to, at least, start addressing the AdS-TGMT-CFT triality. In this direction we have
noted that a Young tableau can simultaneously label all the 1/2 BPS states/configurations
of the N = 4, D = 4 U(N) SYM, type IIB supergravity [13] and also TGMT, see Figure 5.
5Here we assume that R1 and R2 are both measured in the same units, e.g. ls or 11 dimensional Planck
length and hence work with dimensionless quantities.
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It is very desirable to expand our understanding of the triality, which is postponed to future
works. One interesting question is whether the two dimensional fermions of [13, 14] has a
closer relation to the tiny gravitons [20]. Among the points and puzzles to be understood in
this direction we should mention the fact that size of the matrices corresponding to a single
fuzzy sphere solution, J , is fixed once we identify a quantum giant graviton as a fuzzy three
sphere. In particular J cannot take any arbitrary value (cf. eq.(3.16)). This rises the puzzle
that in the gauge theory we can have e.g. subdeterminant operators with arbitrary length
(or R-charge). Resolution of this puzzle is postponed to a future work [20].
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Figure 6: The AdS-TGMT-CFT triality
One of the basic ingredients used in the formulation of TGMT is the fact that the gauge
symmetry ofm coincident giant gravitons, similarly to the flat D-branes, is U(m). There have
been two independent arguments in support of this property [17, 18]. Noting a generic Young
tableau we already see strong indications for this, see Figure 7. It is, however, instructive
to re-derive the same fact from the TGMT. As the first step in this direction one may start
with working out a configuration in TGMT corresponding to the giant hedge-hogs of [17],
the “fuzzy giant hedge-hogs”.
As we have seen so far giant gravitons, and not fundamental strings of type IIB, naturally
appear in the TGMT. The first question to ask is where are the type IIB fundamental strings.
In [1] there was a proposal that the X = 0 vacuum corresponds to single string vacuum,
around which fundamental strings appear as non-perturbative objects. In addition to the
single string vacuum, we need to work out the details of multi-string vacua. Moreover, as
TGMT is a formulation of type IIB string theory with compact X− direction, to specify
the string vacuum states besides the light-cone momentum we should also give the winding
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mn
m
n
Figure 7: The “fluctuations” above the Young tableau corresponding to n coincident giants
in AdS or m coincident giants in S5 can be thought as a Young tableau for states in a U(n)
or U(m) gauge theory.
number.6 Besides the vacuum states it is interesting to make connection between the TGMT
description of type IIB strings on the ten dimensional plane-wave and the string bit model
of Verlinde [34].
In section 2 we gave an argument that the classical size of a tiny graviton is l. Through
a detailed analysis of the fuzzy three sphere solutions, however, we found that quantum
mechanically the smallest volume that one can probe on an S3f is in principle much larger
than l4, that is L4 (B.27). It is interesting to compare L with the ten dimensional Planck
length lp. Combining, (2.3), (B.27) and (3.19) we obtain
L2 =
√
J
N
l2p . (6.1)
When the stringy exclusion relation discussed in [12] is saturated, i.e. J ∼ N , L ∼ lp and
hence in this case lp is indeed the smallest physical length that one can probe.
In constructing our solutions we used an embedding of the fuzzy three spheres in C4θ×C4θ.
It is amusing to see whether these two copies of the eight dimensional Moyal plane are just
mathematical tools or have a more physical meaning. As a relevant point we note that the
6We would like to thank Juan Maldacena for his comment on this issue.
24
minimal physical length scale of the TGMT is L which is equal to the noncommutativity
scale on these Moyal planes (B.28).
In the Appendix B.2.2 we reviewed and elaborated on a new method of construction of
fuzzy spheres based on embedding them into higher dimensional Moyal planes. This method
works perfectly well for the cases where the sphere admits a Hopf fibration. There are,
however, only four such possibilities somehow related to the fact that the division algebras
are only limited to real R, complex C, quaternion H and octonions O. Among these cases
we have used the first three and only the last one, which leads to a Hopf fibration of an
S15 with an S8 base is remaining. One may use this and discussions of B.2.2 to construct a
description of S8f and S
7
f by embedding them into a C
8
θ.
As discussed in section 5 the TGMT is related to a mass deformed D = 3,N = 8 SCFT,
which in turn is also related to specific deformations of the D = 6 (0, 2) SCFT. (The latter
can be understood because in the Bena-Warner solutions [32], besides a stack of M2-branes
we have M5-branes with worldvolume R2+1 × S3.) Unfortunately we do not have an action
for neither of the three and six dimensional SCFTs. Recently there has been a proposal for
obtaining an action for the D = 3 SCFTs [35]. In view of the above connections, it is an
interesting problem to check if TGMT and/or the idea of quantized Nambu p-brackets can
help with finding an action for either of the two SCFTs.
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A Conventions and Identities
In our construction of the fuzzy four sphere, S4f , which will be reviewed in the next Appendix,
we need to develop some identities involving spin(5) gamma matrices. These are essentially
the usual four dimensional Dirac matrices which obey the anticommutation relation, Clifford
algebra
{γi, γj} = 2δij14×4 , i, j = 1, 2, 3, 4. (A.1)
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We follow the conventions in which the Dirac gamma matrices are
γi =
(
0 σi
σ¯i 0
)
, γ5 =
(−12×2 0
0 12×2
)
, 14×4 =
(
12×2 0
0 12×2
)
. (A.2)
where
σi = (12×2,−i~σpauli), σ¯i = (12×2, i~σpauli) (A.3)
with the ~σpauli being the standard Pauli sigma matrices:
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
, 12×2 =
(
1 0
0 1
)
. (A.4)
In (A.2) γ5 = γ1γ2γ3γ4 = 1
4!
ǫijklγ
iγjγkγl.
In our conventions,
2γij ≡ [γi, γj ] =
(
σij 0
0 σ¯ij
)
, γiγ5 =
(
0 −σi
σ¯i 0
)
and also
[γi, γjγ5] = 2δijγ5 , (A.5)
where
σij ≡ σiσ¯j − σjσ¯i, σ¯ij ≡ σ¯iσj − σ¯jσi
σiσ¯j + σj σ¯i = 2δij, σ¯iσj + σ¯jσi = 2δij .
γij’s constitute a 4×4 representation for the generators of the spin(4) algebra. If we add
γiγ5 to this collection, we have a representation of spin(5); and the set of {γij , γiγ5, γi, γ5}
would give the representation of the spin(6) = su(4) algebra.
Next we list some useful identities involving σi and σ¯i:
1
2
ǫijklσij = ǫijklσiσ¯j = +σkl ,
1
2
ǫijklσ¯ij = ǫijklσ¯iσj = −σ¯kl (A.6)
(σi)αβ(σ
i)λρ = (σ¯
i)αβ(σ¯
i)λρ = +2(δαβδλρ − δαρδβλ)
(σi)αβ(σ¯
i)λρ = (σ¯
i)αβ(σ
i)λρ = +2δαρδβλ (A.7)
(σij)αβ(σ
i)γλ = +2(δγλσ¯
j
αβ − δαλσ¯jγβ − δβγσjαλ)
(σ¯ij)αβ(σ¯
i)γλ = +2(δγλσ
j
αβ − δαλσjγβ − δβγ σ¯jαλ) (A.8)
(σij)αβ(σ¯
i)γλ = −2(δγλσjαβ − δαλσ¯jγβ − δβγσjαλ)
(σ¯ij)αβ(σ
i)γλ = −2(δγλσ¯jαβ − δαλσjγβ − δβγσ¯jαλ)
(σij)αβ(σ
ij)γλ = (σ¯
ij)αβ(σ¯
ij)γλ = 16(δαβδγλ − 2δαδδγβ) (A.9)
(σij)αβ(σ¯
ij)γλ = (σ¯
ij)αβ(σ
ij)γλ = 0
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B Nambu Brackets and Fuzzy Spheres
As fuzzy spheres are the crucial ingredients in our solutions to the zero energy half BPS
configurations of the tiny graviton matrix theory in this appendix we present a brief review
on the fuzzy spheres. There are two equivalent approaches for the construction of fuzzy
spheres. The first, which also historically came earlier, is based on finding finite dimensional
representations of SO(d + 1) (more precisely spin(d + 1)) for a fuzzy d-sphere, Sdf . This
construction was first proposed for a two sphere [36] and then extended to four [23] and to
higher dimensional spheres [25]. The second construction which were first introduced and
emphasized in [1] is more geometrical, and is based on the “quantization” of the “Nambu
brackets” [37]. Nambu brackets encode the isometries of the spheres. That is this second
method which paves the way for the quantization of the giant gravitons, which in turn
leads to the matrix theory description of the DLCQ of string/M- theory on the plane-wave
backgrounds [1]. Hence, in B.1 we review Nambu brackets which are generalized form of the
Poisson bracket and prescribe a consistent way to quantize them. In B.2, using the definition
of round spheres through Nambu brackets we present the definition of fuzzy spheres and then
try to construct explicit solutions for the fuzzy two and four sphere cases.
B.1 Nambu brackets
In this subsection we give the definition of Nambu brackets and prescribe how to quantize
them consistently to make multilinear commutators.
Classical Nambu p-brackets
A Nambu p-bracket is defined among p functions Fi(σr), r, p = 1, . . . , p as
{F1,F2, . . . ,Fp} ≡ ǫr1r2···rp ∂F1
∂σr1
∂F2
∂σrp
. . .
∂Fp
∂σrp
, (B.1)
where Fi are functions on a p-dimensional space parameterized by σr. Obviously for p = 2
(B.1) reduces to the standard Poisson bracket. These brackets, as enumerated in [1], have
five important properties: cyclicity, (generalized) Jacobi identity, associativity, trace and
by-part integration properties.
Quantization of Nambu p-brackets
In order to pass to quantum (fuzzy, discretized or noncommutative) physics, we generalize the
standard prescription, namely start from Hamilton-Jacobi formalism, substitute functions
of phase space coordinates with operators (matrices) acting on Hilbert space, the Nambu
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brackets with multilinear commutators (quantized Nabmu brackets) and integrals with trace,
i.e.
F ←→ Fˆ ;
∫
dpσ ←→ Tr (B.2a)
{F1, · · · ,Fp} ←→ 1
(i~)p/2
[Fˆ1, · · · , Fˆp] ≡ 1
(i~)p/2
ǫi1···ipFˆi1Fˆi2 · · · Fˆip (B.2b)
This prescription only works for even dimensional spaces (p = 2k), more precisely, for even
case commutators it has the crucial properties of the Nambu brackets we mentioned above,
that is cyclicity, generalized Jacobi identity and by-part and trace property. Note, however,
that with (B.2b) we have lost associativity [38, 1].
As for the odd case (p = 2k − 1), besides the associativity we also lose the physically
very important trace and by-part integration properties. To overcome that problem, in [1]
it was proposed to replace an odd p-bracket with an even (p + 1)-bracket and then again
use (B.2b). In order that, we should introduce a fixed matrix, a non-dynamical operator,
L2k+1 (at least in string theory and in the case of fuzzy odd spheres we have strong evidence
where it comes from, e.g. see discussions of [1] and also section 5). The prescription for
quantization of odd brackets is then
F ←→ Fˆ ; {F1, · · · ,F2k−1} ←→ 1
(i~)k
[
Fˆ1, · · · , Fˆ2k−1,L2k+1
]
;
∫
d2k−1σ ←→ Tr . (B.3)
B.2 Fuzzy spheres
Any round (classical, continuous, commutative) d-sphere with radius R should satisfy these
constraints as defining properties
d+1∑
µ=1
(Xµ)2 = R2 ; {Xµ1 , Xµ2, · · · , Xµd} = Rd−1ǫµ1···µd+1Xµd+1 . (B.4)
The d+1 embedding coordinates Xµ rotate as a vector under the isometry symmetry of the
d-sphere, SO(d+1). In fact the bracket equation in (B.4) is a manifestation of the SO(d+1)
isometry. (Note that SO(d+1) has only two invariant tensors, the metric δµν and ǫ
µ1···µd+1 .)
In order to pass to the fuzzy (discretized or noncommutative) d-sphere, we follow the
prescription for quantizing Nambu brackets presented above. Let us first start with a fuzzy
even sphere. A fuzzy 2k sphere, S2kf , is defined through
2k+1∑
µ=1
(Xµ)2 = R2 ; [Xµ1 , Xµ2 , · · · , Xµ2k ] = ikλ2k−1ǫµ1µ2···µ2k+1Xµ2k+1 , (B.5)
which leads to
ǫi1i2···i2k+1X i1X i2 · · ·X i2k+1 = ikλ2k−1R2.
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In the above, we have defined the “~” (cf. (B.2b)) as (λ/R)(2k−1)/k and λ, which in a sense
quantifies how much our sphere is far from the classical sphere, will be called the “fuzziness”.
Similarly for the fuzzy odd-spheres
2k∑
i=1
(X i)2 = R2 ;
[
X i1 , X i2, · · · , X i2k−1 ,L2k+1
]
= ikl2(k−1)ǫi1i2···i2kX i2k (B.6)
leading to
ǫi1i2···i2k+1X i1X i2 · · ·L2k+1X i2k = ikl2(k−1)R2.
With the above definition, the problem of construction of fuzzy even spheres is now
reduced to finding explicit solutions to (B.5) in terms of some N × N matrices and giving
the relation between the size of the sphere (its radius) and the size of the matrices. For the
fuzzy odd sphere case, in addition we should also give an appropriate L2k+1. Note that by
construction, solutions to (B.5) or (B.6) are only specified up to an SO(d+ 1) rotation:
RijXj = U(R)XiU(R)−1,
where Rij are the generators of the spin(d+ 1) isometry group of the sphere and U(R) are
an N ×N representation of R.
In this appendix, as examples, we will construct explicit solutions to (B.5) for k = 1, 2
cases, i.e. fuzzy two and four spheres. The construction of S3f is presented in section 3 of the
main text. There are two ways to solve these equations and realize the fuzzy spheres, group
theoretical and harmonic oscillator approaches. The first approach is widely studied and
used since the introduction of fuzzy spheres was based on the group and the representation
theory of the isometry of the sphere under study. The harmonic oscillator approach is a
less-known one and is well-suited for specific dimension, and is inspired by principal Hopf
fibrations. This method for the fuzzy two sphere were studied in some detail in [22].
B.2.1 Group theoretical construction of fuzzy spheres
The fuzzy 2k-sphere is defined through the algebraMN of N×N hermitian matrices. When
N →∞ the corresponding matrix geometry tends to the geometry of the round 2k-sphere.
To realize this idea, we think of the ordinary geometry of the round sphere as an infinite
dimensional representation of spin(2k + 1) algebra. To pass to the fuzzy case, however, we
need finite dimensional representations. Due to the basic theorem of the algebraic geometry,
one can replace a given manifold with the algebra of functions defined on that. For the
case of the S2k that is the algebra F of functions f(Xµ) on S2k which admits a polynomial
expansion in the Xµ’s:
f(Xµ) = f0 + fµX
µ +
1
2
fµνX
µXν +
1
6
fµνρX
µXνXρ + · · · (B.7)
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Now we would like to truncate this expansion in such a way that it is convertible to an
algebra. To turn this approximation to algebra we replace Xµ with generalized gamma
matrices Gµ2k of the algebra MNk(n) of Nk(n) × Nk(n) hermitian matrices. These matrices
are defined as follows
Gµ = (Γµ ⊗ 1⊗ · · · ⊗ 1+ 1⊗ Γµ · · · ⊗ 1+ · · ·+ 1⊗ · · ·1⊗ Γµ)Sym
Gµν = (Γµν ⊗ 1⊗ · · · ⊗ 1+ 1⊗ Γµν · · · ⊗ 1+ · · ·+ 1⊗ · · ·1⊗ Γµν)Sym (B.8)
where Gµν = 1
2
[Gµ,Gν ] and Γµν = 1
2
[Γµ,Γν] = ΓµΓν are the generators of SO(2k+1). These
generalized gamma matrices are n-fold direct tensor-product of gamma matrices and identity
matrix and the symmetrization means that they are defined on the vector space Sym (V ⊗n),
the symmetrized n-fold tensor product space of the smallest irreducible representation of
spin(2k + 1), V ; and dim(Sym (V ⊗n)) = N(n). Hence, Gµ are N × N matrices. These
matrices have following properties
2k+1∑
µ=1
GµGµ = n(n + 2k) , (B.9a)
[Gµ1 ,Gµ2 , . . . ,Gµ2k ] = −(−i)k(2k)!!(2k − 2 + n)!!ǫµ1µ2···µ2k+1Gµ2k+1 . (B.9b)
If we now define Xµ = λ˜G(2k)µ we can see that this matrix construction truly gives S2kf . The
only remaining step to complete the construction is then to specify N as a function of n,
which in turn, noting (B.9), gives the relation between the size of matrices N and the radius
of the fuzzy sphere R. We will work this out for two specific cases of S2f and S
4
f .
Construction of S2f
Here we deal with spin(3) = SU(2), and hence the analog of (B.8) for this case is the
generalized Pauli sigma matrices,
Σi = (σi ⊗ 1⊗ · · · ⊗ 1 + 1⊗ σi ⊗ · · · ⊗ 1+ · · ·+ 1⊗ · · · ⊗ 1⊗ σi)Sym , (B.10)
where σi are 2× 2 Pauli matrices. Σi form an (n+ 1)× (n+ 1) representation of the SU(2)
algebra, corresponding to spin n/2 states. Note that for SU(2)
N ≡ dim(Sym(V ⊗)) = n+ 1 . (B.11)
The embedding coordinates can be identified as X i = λ
2
Σi. The size of the matrices and the
radius of the sphere are then related as
R2S2
f
=
λ2
4
(N2 − 1). (B.12)
Construction of S4f
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Here the basic γ-matrices we start with are the standard 4×4 Dirac γ-matrices, together
with γ5, for our conventions see Appendix A. These γ matrices satisfy
5∑
µ=1
γµγµ = 5 ; [γµ, γν , γρ, γα] = 4!ǫµνραβγβ
Again one can use (B.8) to construct an N × N representation out of these γ’s. The only
remaining part is how N and the radius of the fuzzy four sphere are related. To work this
out, one should use representation theory of spin(5). This has been carried out in [25] and
the result is N = 1
6
(n+ 1)(n+ 2)(n+ 3), where R2
S4
f
∝ n(n + 4).
B.2.2 Harmonic oscillator construction of fuzzy spheres
Commutative d-spheres are usually defined through embedding the Sd in Rd+1. The natural
question to ask is whether a similar thing is also possible for a noncommutative fuzzy sphere.
Precisely, the question is whether it is possible to embed an Sdf into a noncommutative
plane, preferably a noncommutative Moyal plane. The answer, if positive, cannot be a d+1
dimensional plane. This can be seen from the fact that imposing the noncommutativity
on the coordinates of the plane reduces the SO(d + 1) rotational invariance. Hence, we
should look for embedding the Sdf into a higher dimensional Moyal plane, which includes
SO(d + 1) among its isometries. In working with Moyal plane, it is more convenient to
adopt complex coordinates. Let us consider a Cp space parameterized with the coordinates
zα, α = 1, 2, · · · , p which satisfy the following commutation relation
[zα, z¯β] = θδαβ . (B.13)
We denote this space by Cpθ. (In terms of aα = zα/
√
θ, the above is nothing but the algebra
of a p dimensional harmonic oscillator.) The idea is to solve (B.5) for an S2kf using (B.13).
The first thing to specify is what is the appropriate p for a given k. For that we note that Cpθ,
and specifically (B.13), is invariant under U(p) transformations which rotate zα to (U z)α,
U ∈ U(p). Therefore, as the first criterion, SO(2k + 1) should be a subgroup of U(p), e.g.
for k = 1, the case of a two sphere, p can be two and for k = 2, the four sphere case, p
should at least be four. For a generic case, one may start with
Xµ = κz¯α (Γ
µ)αβ zβ , (B.14)
where Γµ are 2k + 1 dimensional Dirac matrices, and hence are D × D matrices, where D
is the dimension of the smallest fermionic representation of SO(2k + 1). As is evident from
(B.14) the proper choice is p = D. For k = 1 and 2, D = 22/2 = 2 and 24/2 = 4. In (B.14) κ
is a parameter of dimension one over length.
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We would like to use (B.14) as the relations embedding a sphere in Moyal plane. In
(B.14) the Γµ matrices are essentially Clebsch-Gordon coefficients relating U(p) vectors to
SO(2k+1) vectors. It is worth-noting that Xµ’s defined in (B.14), similarly to the Γµ’s, are
hermitian and well-suited for our purpose.
As a warm-up let us first focus on the case of the fuzzy two sphere and then discuss the
case of four sphere and possible generalizations to higher dimensional spheres.
Construction of S2f
We are looking for an embedding of an S2f in a C
2
θ . This is done in [22] and here we
briefly review that. To start with, consider
X i =
κ
2
z¯α(σ
i)αβzβ , (B.15)
where i = 1, 2, 3 and α, β = 1, 2. If [zα, z¯β] = θδαβ , it is straightforward to show that
[X i, Xj] = iκθ ǫijkXk . (B.16)
Furthermore, one can easily show that
3∑
i=1
(X i)2 = κ2θ2 X0(X0 + 1), (B.17)
where we have defined
X0 =
1
2θ
z¯αzα .
From (B.16) the fuzziness, λ, is identified as
λ = κθ , (B.18)
and hence
R2S2
f
= λ2X0(X0 + 1). (B.19)
It is noteworthy that [X0, f(X i)] = 0, where f is a generic function of X i’s. If we choose κ,
which is so far a free parameter, to be 1/
√
θ then λ =
√
θ. That is, the fuzziness is equal
to the noncommutativity parameter of the embedding Moyal plane. (Note that the minimal
area which one can measure in the Moyal plane is θ.) Another interesting choice for κ can
be 1/R. We will return to this choice and its physical significance later.
X i and X0, as matrices are infinite dimensional, however, we are looking for finite di-
mensional matrices. In addition, in order to have a fuzzy two sphere (of a given radius) we
need
∑
(X i)2 to be proportional to the identity matrix. Noting (B.17), this means that we
should restrict X0 to a block in which it is proportional to identity. This can be easily done,
recalling that X0 is the number operator for a two dimensional harmonic oscillator and hence
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in the number operator basis it takes a diagonal form, consisting of blocks (n+ 1)× (n+ 1)
blocks with the eigenvalue n. (For a two dimensional harmonic oscillator the multiplicity
of a state of energy n is n + 1.) Therefore, if we focus only on X0 = 1
2
n sector, we have a
description of a fuzzy two sphere with radius R2
S2
f
= λ2 n
2
(n
2
+1), in terms of (n+1)× (n+1)
matrices.
It is instructive to study some interesting limits of the above fuzzy two sphere. In our
problem we have two parameters, the fuzziness λ, and the radius of the sphere R. One
may study various limits keeping some combinations of the two fixed. For example, the
commutative S2 limit is when λ→ 0, keeping R fixed. (In this limit it is more convenient to
choose the normalization κ ∼ 1/R.) Another interesting limit is the Moyal plane limit [39]:
λ→ 0 , R→∞ ; λR = fixed . (B.20)
Intuitively one can think of this limit by choosing one of the X ’s, say X3 to be very close to
R and X1, X2 ≪ R. In this limit the commutation relation (B.16) would then reduce to
[X1, X2] = iλR ,
which defines a two dimensional Moyal plane. The minimal area that one can measure on
this sphere is λR. This result is in fact more general than this limit and is true for a generic
S2f of finite radius. That is, λR, and not λ
2, is the minimal area which can be measured on
a fuzzy two sphere.
Before moving to the S4f example, we would like to comment more on the relation between
the U(2) symmetry of the embedding C2θ space and spin(3) = SU(2) of the S
2
f . The extra
U(1) is basically the transformations which rotate z1, z2 in the same way. The X
i’s, by
construction, are explicitly invariant under this U(1). The generator of this U(1) is X0.
Geometrically the embedding (B.15) is a realization of the Hopf fibration. For the moment
let us consider the commutative θ = 0 case. The X0 = const. surface then defines an S3
in R4. The S3, however, can be thought as an S1 fiber over an S2 base (e.g. see [22] and
references therein). To reduce S3 to S2 we then need to reduce over the S1 fiber. This is
done in (B.15) by taking the X i which are invariant under the global U(1) rotating z’s with
the same phase.
Construction of S4f
As we argued for the S4f case the embedding space should be C
4
θ, as four dimensional
Dirac γ-matrices are 4× 4. For performing computations it turns out to be more convenient
if parameterize C4θ as two C
2
θ’s, with uα and vα, α = 1, 2 coordinates, where
[uα, u¯β] = θδαβ ; [uα, v¯β] = 0 ; [vα, v¯β] = θδαβ . (B.21)
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We can again use (B.14), to obtain the embedding coordinates. Employing the conventions
of Appendix A for the Dirac matrices, we have
X i = κ(u¯σiv + v¯σ¯iu) , i = 1, 2, 3, 4 (B.22a)
X5 = κ(v¯1v − u¯1u) , (B.22b)
X0 =
1
θ
(u¯1u+ v¯1v) , (B.22c)
where σi’s are defined in (A.3). In the “classical” θ = 0 case (B.22) is a realization of the
Hopf map for S7 with an S4 base.
It is straightforward, but perhaps tedious, to show that the embedding coordinates (B.22)
satisfy
5∑
µ=1
(Xµ)2 = κ2θ2X0(X0 + 4 · 1) (B.23)
[Xµ, Xν, Xρ, Xα] =
1
3
κ3θ3(X0 + 2 · 1) ǫµνραβXβ. (B.24)
Therefore, if we restrict X0 to a block in which it is proportional to the identity matrix,
(B.22) is defining a fuzzy four sphere with the radius RS4
f
and the fuzziness
λ3 =
1
3
(κθ)3
(
R2
S4
f
(κθ)2
− 4
)
(B.25)
For more details see the main text, section 3.1.
As in the case of the S2f one can study some interesting limits, e.g. the commutative
round S4 limit is obtained when λ→ 0, keeping the radius fixed. The other interesting limit
is the four dimensional noncommutative plane limit, i.e. λ→ 0, R→∞ keeping λ3R fixed.
One can think of this limit as expansion of the four sphere about its north pole, i.e. take
one of the Xµ’s, say X5, to be very close to R while X i ≪ R. In this limit (B.24) reduces to
[X i, Xj, Xk, X l] = λ3R ǫijkl ≡ L4 ǫijkl. (B.26)
Note that this noncommutative plane is not a Moyal plane. As it can be seen from (B.26)
L4 = λ3R = l2R2 (B.27)
(and not λ4) is the smallest volume on this plane that one can measure. To obtain the
second equality in (B.27) we have used (3.8) and (3.19). This result can be shown to be true
beyond this limit, for an S4f of generic radius.
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One appropriate and natural choice for the normalization coefficient κ is then obtained
when we identify L with the noncommutativity scale of the embedding eight dimensional
Moyal plane, i.e.
L2 = θ . (B.28)
This leads to the normalization (3.20).
C Superalgebra of the Tiny Graviton Matrix Theory
The plane-wave (1.1) is a maximally supersymmetric one, i.e. it has 32 fermionic isome-
tries which can be arranged into two sets of 16, the kinematical supercharges, q’s, and the
dynamical supercharges, Q’s. The former are those which anticommute to light-cone mo-
mentum P+ and the latter anticommute to the light-cone Hamiltonian H. Here we show the
dynamical part of superalgebra, which can be identified with PSU(2|2)× PSU(2|2)× U(1)
and adopt the conventions of [10]. For the complete superalgebra see [10].
[P+, qαβ] = 0 , [P
+, qα˙β˙] = 0 ,
[H, qαβ ] = −iµqαβ , [H, qα˙β˙ ] = iµqα˙β˙ . (C.1)
[P+, Qαβ˙] = 0 , [P
+, Qα˙β] = 0
[H, Qαβ˙] = 0 , [H, Qα˙β ] = 0 (C.2)
{qαβ , q†ρλ} = 2P+δ ρα δ λβ , {qαβ, q†α˙β˙} = 0 , {qα˙β˙, q†ρ˙λ˙} = 2P+δ ρ˙α˙ δ λ˙β˙ , (C.3)
{Qαβ˙, Q†ρλ˙} = 2 δ ρα δ λ˙β˙ H+ µ(iσij) ρα δ λ˙β˙ Jij + µ(iσab) λ˙β˙ δ ρα Jab ,
{Qαβ˙, Q†ρ˙λ} = 0 , (C.4)
{Qα˙β, Q†ρ˙λ} = 2 δ ρ˙α˙ δ λβ H+ µ(iσij) ρ˙α˙ δ λβ Jij + µ(iσab) λβ δ ρ˙α˙ Jab .
The generators of the above supersymmetry algebra can be realized in terms of J × J
matrices as
P+ = −P− = 1
R−
Tr1 , P− = −P+ = −H
qαβ =
1√
R−
Trψαβ , qα˙β˙ =
1√
R−
Trψα˙β˙ (C.5)
Jij = Tr
(
X iΠj −XjΠi + ψ†αβ(iσij) ρα ψρβ − ψ†α˙β˙(iσij) ρ˙α˙ ψρ˙β˙
)
Jab = Tr
(
XaΠb −XbΠa + ψ†αβ(iσab) ρβ ψαρ − ψ†α˙β˙(iσab) ρ˙β˙ ψα˙ρ˙
)
(C.6)
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Qα˙β =
√
R−
2
Tr
[
(Πi − i µ
R−
X i)(σi) ρα˙ ψρβ + (Π
a − i µ
R−
Xa)(σa) ρ˙β ψα˙ρ˙
+
1
3!gs
(
ǫijkl[X i, Xj, Xk,L5](σl) ρα˙ ψρβ + ǫabcd[Xa, Xb, Xc,L5](σd) ρ˙β ψα˙ρ˙
)
+
1
2gs
(
[X i, Xa, Xb,L5](σi) ρα˙ (iσab) γβ ψργ + [X i, Xj, Xa,L5](iσij) ρ˙α˙ (σa) γ˙β ψρ˙γ˙
)]
(C.7)
Qαβ˙ =
√
R−
2
Tr
[
(Πi − i µ
R−
X i)(σi) ρα˙ ψρβ + (Π
a − i µ
R−
Xa)(σa) ρ˙β ψα˙ρ˙
+
1
3!gs
(
ǫijkl[X i, Xj, Xk,L5](σl) ρα˙ ψρβ + ǫabcd[Xa, Xb, Xc,L5](σd) ρ˙β ψα˙ρ˙
)
+
1
2gs
(
[X i, Xa, Xb,L5](σi) ρα˙ (iσab) γβ ψργ + [X i, Xj, Xa,L5](iσij) ρ˙α˙ (σa) γ˙β ψρ˙γ˙
)]
(C.8)
The (anti)commutation relations may be verified using the quantum (as opposed to
matrix) commutation relations:
[XIpq,Π
J
rs] = iδ
IJ δpsδqr
{(ψ†αβ)pq, (ψργ)rs} = δαρ δβγ δpsδqr
{(ψ†α˙β˙)pq, (ψργ)rs} = δα˙ρ˙ δβ˙γ˙ δpsδqr (C.9)
where p, q, r, s = 1, 2, · · · , J are matrix indices.
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